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Finite element analysis (FEA)
Cohesive Law (CL)
A B S T R A C T
A user defined cohesive material model is implemented in the LS-DYNA finite element code. The
model is based on interface properties characterised from DCB specimens loaded with unequal
bending moments. Different mode mixities are obtained by applying different ratios of moments
to the two beams in the cracked part of the specimen. The mixed mode cohesive law is fitted for
large scale bridging delamination through inverse modelling. In this way, the variations in stress
and crack opening across the width of the specimen are taken into account. The J integral ap-
proach is used to find a starting point for the fitting procedure. Three properties from five mo-
ment configurations are evaluated to find a first estimate of the shape of the cohesive law: crack
tip fracture energy, steady-state fracture resistance and crack end-opening at steady-state fracture
resistance. The parameters of the cohesive law are then further adjusted using the optimisation
tool LS-OPT. The implemented cohesive model is assessed by comparing numerical to experi-
mental test results from the standardised ASTM double cantilever beam test and the ASTM mixed
mode bending test.
1. Introduction
A variety of cohesive models are available in commercial finite element codes. Often, they are characterised by initial stiffness,
critical stress, fracture energy for mode I and mode II and an interpolation scheme for mixed mode delamination. Several shapes of
the cohesive law have been used to model the interlaminar fracture characteristics of composites: bilinear [1–3], polynomial [4,5],
exponential [6,7] and trapezoidal [8,9]. The interpolation rules can be simple linear or quadratic power laws [10] or more advanced
rules such as the Benzeggagh-Kenane mode mixity rule [11]. Several studies have shown that the choice of cohesive law shape affects
the results from numerical delamination models [12–15]. The standardised linear-elastic fracture mechanics (LEFM) tests for in-
terlaminar characterisation of composite laminates give no indication of the shape of the cohesive law. A delamination test [16]
where rotations (moments), rather than opening displacements (wedge forces), are applied to the beam ends of a double cantilever
beam (DCB) specimen might be better suited for determining the shape of the cohesive law, since it enables cohesive laws to be
determined using a J integral approach [17]. This can also be done by measuring the rotation of the beam where the forces are
applied when delamination is promoted in DCB specimens using wedging forces [18]. However, when moments are applied rather
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than wedging forces, the delamination mode can be altered simply by altering the configuration of the applied moments. Equal
curvature of the fracture interfaces in opposite directions promotes mode I delamination, unequal curvatures promote mixed mode
delamination and equal curvature in the same direction promotes mode II delamination [19]. The fracture resistance is calculated
directly from the applied moments without the need for tracking the distance from the applied load to the crack tip [17]. The fracture
resistance arises from the tractions transferred between the two separating beams. The region where these tractions are transferred
between the separating beams is referred to as the fracture process zone (FPZ). The path independent J integral [20] can be used to
relate the calculated fracture resistance to the tractions acting in the FPZ under the assumption of plane stress or plane strain. Under
mixed mode conditions, the normal and shear traction-separation relations can be calculated by partially differentiating the fracture
resistance with respect to the normal end-opening and tangential end-opening displacements, respectively [21].
A three-dimensional effect that seems not to have been investigated for mixed mode cases in the published literature is the
variation in the local normal opening displacement across the specimen due to anticlastic bending. This induces a variation in the
values of the tractions across the FPZ in the specimen, and thus crack initiation, that needs to be accounted for before an accurate
traction-separation relation can be obtained to define a cohesive law.
For mode I delamination, a recent study [22] investigated the interlaminar properties of E-glass non-crimp fabric (NCF) reinforced
vinylester as described above. The study showed that a cohesive law can be determined through an inverse modelling scheme. In the
present paper, the aim is to determine the mixed mode cohesive law for the same NCF composite. Six samples were tested for each of
five moment configurations: mode I, mode II and three different mixed modes. The experimental tests are described in Section 3. The
mixed mode cohesive law is obtained from the experimental data through inverse modelling using 3D finite element simulation. In
Nomenclature
a0 Prefabricated crack length
B Beam width
c Load arm length in MMB setup
D Damage parameter in the cohesive constitutive
model.




JR,ext Fracture resistance calculated from external forces
JR,FPZ Fracture resistance associated with the whole
failure process zone
JR,int Fracture resistance calculated from tractions
acting within fracture process zone
JSS Steady State fracture resistance
Jtip, J0 Fracture resistance associated with crack-tip de-
formations
ki Cohesive stiffness
KI, KII Stress intensity factors (mode I and mode II, re-
spectively)
L Length of FPZ
l Sequence number for opening displacement in
cohesive law
L1, L2 Load arm spacing in experimental setup
M Moments
m Sequence number for opening mode angle in co-
hesive law
n Number of variables in optimization setup
p Sampling points in optimization setup
P1, P2 Load arm loading in experimental setup
S22, S12 Transverse and shear stress strength, respectively,
in buck material.
x1, x2, x3 Orthogonal coordinate axes
Γ Line-integral path
δ0 Critical opening displacement
δn Normal crack opening displacements
δt Tangential crack opening displacements
θ Crack opening mode angle
λ Rate of transverse to longitudinal Young's modulus
σ*, δ* * refers to crack-end properties
σe, δe effective cohesive traction and separation, respec-
tively.
σn Normal cohesive tractions
σt Tangential cohesive tractions
φ Moment configuration
ψ Phase angle from linear elastic fracture mechanics
Ω Cohesive law surface
Abbreviations
ASA Adaptive simulated annealing
CL Cohesive Law
DCB Double Cantilever Beam
DCB-UBMDouble Cantilever Beam loaded with unequal
bending moments
FEA Finite element analysis
FPZ Fracture Process Zone
LEFM Linear-elastic fracture mechanics
MMB Mixed Mode Bending
NCF Non-crimp fabric
UD Unidirectional
Fig. 1. DCB test specimen geometry.
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this way, the variations in crack opening displacement across the specimen are taken into account. The J integral approach is used to
find a starting point for the fitting procedure.
2. The path independent J integral approach
The path independent J integral was first applied to crack problems by Rice [20] and can be used to calculate the fracture
resistance, JR.
A simple double cantilever beam (DCB) specimen is illustrated in Fig. 1. Evaluating the J integral along the external boundaries of
such a DCB specimen when deformed by bending moments applied to the beam ends as illustrated in Fig. 2(a) gives (assuming plane
stress) [16]
= + <J M M M M
B H E
M M21( ) 6
4








where M1 and M2 are the moments applied to the beam ends, B and H are the beam width and height, respectively and E11 is the
Young's modulus in the x1-direction.
Evaluating the J integral along the edge of the FPZ in Fig. 2(b) gives [21]
= +J d d( , ) ( , )R FPZ n n t n t n t t, 0 0
n t
(2)
where n and t are the local normal and tangential tractions (both being functions of the local normal and tangential separations, n
and t) while n and t are the openings at the end of the FPZ. In Eq. (2), the cohesive laws represent the entire fracture process
including the crack tip separation, i.e., the energy Jtip associated with the crack tip region Γtip shown in Fig. 2(b), is embedded in the
two integrals via the cohesive law, which is of the form shown in the lower part of Fig. 2(c). The energy associated with the crack tip
can also be separated out of Eq. (2), the law would then be referred to as a bridging law, as illustrated in Fig. 2(c) with a much lower
peak traction compared to the cohesive law that includes the crack tip. The integrals in Eq. (2) can be understood as the work (per
unit area) of the normal and tangential tractions at the end of the FPZ, respectively.
Due to path-independence, JR,ext = JR,FPZ. A large portion of the fracture energy JR,FPZ dissipated from crack initiation to total
separation is caused by crack tip deformations. This portion of the fracture energy is normally referred to as J0, and is characterised by
small opening displacements and high tractions. When JR,ext exceeds J0, the dissipated fracture energy is assumed to be caused by
fibre bridging. This part of the fracture process is characterised by larger opening displacements and significantly lower tractions.
With increasing JR,ext, the length of the FPZ, L, and the end-opening, = +( ) ( )n t2 2 , increase as the crack extends. When
reaches a critical value, J0, the fracture surfaces are completely separated at the end of the FPZ. The FPZ is then fully developed, and
the fracture resistance attains a constant value referred to as the steady-state fracture resistance JSS. The values of JSS, 0 and J0 depend
on the opening mode.
For mode I, the relation between the tractions and the opening separation at the crack end can be obtained by differentiating the
external J integral with respect to the crack end opening [23,24]. For mixed mode conditions, the cohesive laws for the interface are








R ext n t
n
t n t




Fig. 2. (a) External and local integration paths Γext and Γloc for the DCB specimen, showing the length L of the fracture process zone (FPZ), (b)
enlarged view of the local integration path along the FPZ and (c) a schematic illustration of a bridging law and a cohesive law.
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Eq. (3) give the values of the normal and shear tractions at the end of the FPZ, respectively. By analysing the mixed mode
experiments for data from zero to steady-state the normal and shear tractions are obtained for all values of n and t . Assuming that
the cohesive laws are the same at all locations within the FPZ, the traction-separation laws obtained using Eq. (3) are thus re-
presentative for the entire FPZ.
3. Experimental setup, data analysis and results
The DCB-UBM (double cantilever beam loaded by uneven bending moments) tests were carried out as described by Sørensen et al.
[16] on NCF reinforced vinylester. The reinforcement was of the type L 900-E10-F (E-Glass) produced by Devold AMT, and the
vinylester was of the type Dion 9102 produced by Reichhold. The material properties and geometric specifications are listed in
Table 1. Note that these are laminate properties, not UD-ply properties. This material system was characterised for intra-laminar
failure and post-failure behaviour by Joki et al. [25]. The L 900 reinforcement has 5% of the fibres oriented in the transverse direction
(the x2-direction – see Fig. 1). These transverse fibres are called backing fibres and are provided to stabilise the longitudinal fibres
during production and subsequent handling. They are not present for mechanical purposes but do affect the mechanical behaviour of
the final laminate and therefore need to be considered in the modelling. The reinforcement layers are stacked such that the upper and
lower fracture surfaces have fibres oriented in the x1-direction. A 12-µm PTFE film is inserted at mid-depth in the lay-up during
production of the laminates to produce an initial crack of length =a 60 mm0 in the x1-direction.
Moments were applied to the specimens as illustrated in Fig. 3 by lowering the loading beam under the specimen at a constant
rate. The loads P1 and P2 were measured using load cells. The distances L1 and L2 determine the moments, i.e. M1 = L1P1 and
M2 = L2P2. The moment configuration is in the following referred to as φ which is defined as φ = M1/M2 for M M| |2 1 . Equal
moments in opposite directions, i.e. φ = −1, promote mode I delamination. Mode II delamination is promoted when φ ≈ 1.
However, for pure mode II the curvatures of the beams at the FPZ must be equal, whereas the curvatures at the neutral axes of the
beams would be equal if the moments were equal. Typically, the maximum moment ratio is 0.99 [19]. Intermediate values promote
mixed mode delamination. The five moment configurations chosen in this study were: φ = −1, 0, 0.299, 0.629 and 0.986.
The specimens were fitted with two LVDTs and an extensometer to measure n and t as described by Sørensen and Jacobsen [19].
The opening mode angle is defined as = tan ( / )t n1 . Acoustic emission sensors were used to detect the onset of crack growth.
The histories of the fracture resistance, calculated from Eq. (1), and the end opening mode angle θ, in terms of their variation with
the fracture end opening, are presented in Fig. 4(a) and (b), respectively. Fig. 5(a) illustrates schematically how the fracture initiation
energy, J0, the steady-state fracture resistance, Jss, and the critical crack end opening displacement, δ0, are obtained from fracture
resistance curves such as those in Fig. 4(a). Fig. 5(b), (c) and (d) show how J0, Jss, and δ0, respectively, change with the configuration
of the applied moments. The observed result from each individual specimen is indicated with triangles and a dashed line is drawn
through the average from each moment configuration.
It was found that the fracture resistance curves could conveniently be fitted by exponential decay functions. The opening dis-
placements at which the fitted functions were 98% of the value at the horizontal asymptote were taken as the critical opening
displacement. This was not possible for the specimens with φ= 0.986. As seen in Fig. 4, for these specimens the fracture resistance
increased steadily throughout the test. Specimens with all five mode-mixities were investigated by cutting several sections from the
delaminated specimens (in the x2-x3-plane). Studying the fracture surface in the wake of the crack tip revealed dry fibres covering the
fractured surfaces as evidence of fibre bridging. Fig. 6 shows that the extent of fibre bridging varies with the moment configuration.
In Fig. 7, where the crack end openings are plotted up to 1.0 mm, it can be seen that the specimens with φ= 0.986 reached a plateau
at approximately 3.7 kJ/m2. The fracture resistance seems to increase steadily as observed in Fig. 4(a), where the openings are
plotted for a larger range of opening displacements. The deformations of cantilever beams calculated for this moment configuration
show that the deflection of the beams will make them come in contact and that the contact force will increase with the magnitude of
the beam’s curvature. Thus, the apparent rise in fracture resistance for these specimens is assumed to be caused by increasing friction.
Therefore, the fracture resistance plotted in Fig. 5(c) for the specimens loaded with φ= 0.986 is the value observed at 0.5 mm crack
end opening.
The phase angle of the openings, θ, is a natural parameter for the characterisation of mode mix of cohesive laws. For small scale
FPZs (i.e. under LEFM conditions), an alternative to θ is the phase angle of the stress intensity factor, defined as ψ = tan−1 (KII/KI),
where KI and KII, are the mode I and mode II stress intensity factors respectively. Near the crack tip (within the zone of dominance of
Table 1
Geometric and material properties of the specimens as defined by Joki et al. [22].
B 30.11 mm Width
2H 17.40 mm Thickness
l 300 mm Length
a0 60 mm Initial delamination length
E11 37 GPa Longitudinal Young’s modulus (laminate)
E22 12 GPa Transverse Young’s modulus (laminate)
ν12 0.29 Poisson's ratio (laminate)
S22 28 MPa Ply transverse elastic limit
S12 50 MPa Ply shear elastic limit
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the K-field), the two mode mix measures are related by tan θ = λ1/2 tan ψ, where = E E/22 11 is a non-dimensional elastic parameter





.1 1 4 2 1
2 1 (4)
The reason for using Eq. (4) is that in practice the opening mode angle, θ, cannot be calculated with sufficient accuracy from the
measurements for small end-openings, when the opening displacements do not exceed the noise levels of the displacement trans-
ducers.
Due to Poisson effects, the stress field in the vicinity of the crack tip will vary across the specimen width [22,28]. At the free edge
at each side of the specimen the stress state will approach plane stress whereas at half-width the stress state will have a component in
the x2–direction (see Fig. 1). Due to this difference in the stress field, the crack tip will start to develop at the half-width position,
while the opening displacements at the free edges initially remain zero as the fracture resistance rises with increasing applied
moments. Then, for small crack openings, the opening displacement measured at the edge of the specimen is not representative for
the whole width of the specimen. This effect continues as the crack opens further and the respective parts of the beam develop
bending deformations in the transverse direction (anticlastic curvature).
Fig. 3. Schematic illustration of DCB-UBM test fixture with test specimen.
Fig. 4. (a) Fracture resistance, JR, and (b) corresponding crack end opening mode angle θ. Both fracture resistance and opening mode angle are
plotted against the absolute opening displacement measured at the initial crack tip. The legend shows the configurations of the moments applied to
the beam ends, represented by the parameter φ.
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Fig. 5. (a) Key properties of the fracture resistance curve, (b) crack tip energy dissipation vs mode mixity, (c) steady-state fracture resistance as a
function of opening mode and (d) effective fracture opening at the end of the fracture process zone (FPZ) vs opening mode.
Fig. 6. Test specimens showing that the extent of fibre bridging varies with the moment configuration.
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The challenge of determining the critical stresses associated with J0 can be addressed by investigating the properties of the bulk
material. Mode I cohesive tractions should not exceed the tensile strength of the bulk material loaded transversely to the fibre
direction. Mode II cohesive tractions should not exceed the shear strength of the bulk material. The limiting values for the transverse
and shear stress are given by S22 and S12, respectively, in Table 1.
4. The cohesive material model
A user defined cohesive material model is implemented in the LS-DYNA finite element code [10]. To be generally applicable to
any engineering problem, the cohesive model must be able to describe both loading and unloading. A damage parameter, D, is





(1 ) 0 0
0 (1 ) 0











where i are the opening separations, i are the tractions and ki are the corresponding stiffnesses. The numerical subscripts refer to the
element coordinate axes where 1 and 2 lie in the plane of the delamination propagation and direction 3 is normal to the delamination
propagation, thus =n 3, = +t 12 22 and the effective cohesive traction is = +e n t2 2 . The cohesive opening separations in Eq.
(5) are the separations of the element centres at the upper and lower cohesive element surfaces. The fracture opening separations are
related to the element separations by =n 3 and = +t 12 22 . The stiffness relating the tractions to the separation is given by
=k /i i i0 0, where i0 and i0 are the traction and separation, respectively, at the end of the linear traction-separation relation. The
















where n and t are tractions from a cohesive law and the tractions indicated with a bar are fictitious tractions calculated from ki and
the current separation assuming linear elasticity. The damage parameter D is initially zero but is updated in every load step j
Fig. 7. Fracture resistance, JR vs. absolute opening displacement measured at the crack end from the specimens loaded with moment configuration
φ = 0.986.
Table 2
Tabulated mixed mode cohesive law for opening displacement, e lm, , at opening mode angle m.
= °01 = °62 = °22. 53 = °584 = °905
l e l, 1[mm] e l, 1 [MPa] e l, 2 [mm] e l, 2 [MPa] e l, 3 [mm] e l, 3 [MPa] e l, 4 [mm] e l, 4 [MPa] e l, 5 [mm] e l, 5 [MPa]
1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0010 20.0000 0.0010 20.6155 0.0011 22.3082 0.0013 25.9500 0.0023 45.0000
3 0.0151 20.0000 0.0169 20.6155 0.0191 22.3082 0.0347 25.9500 0.0477 45.0000
4 0.0181 0.6200 0.0203 1.0660 0.0229 2.0816 0.0416 1.6089 0.0572 0.6975
5 1.5088 0.1568 4.4500 0.2696 2.0145 0.5264 1.2508 0.4069 0.2529 0.1764
6 3.0176 0.0000 8.9000 0.0000 4.0291 0.0000 2.5016 0.0000 0.5057 0.0000
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according to








The damage parameter D is included so that unloading and non-proportional loading (changing mode mixity) can be described in
a more realistic way. Note that D is path dependent and causes the tractions to be dependent on all opening components. The normal
and tangential constitutive tractions at load step i, n i, and t i, are calculated from the normal and tangential components of e i,
according to Eq. (6).
With only a scalar damage parameter, the cohesive law is described by a single surface in the domain of effective traction
= +e n t2 2 , effective opening separation = +e n t2 2 and opening mode angle = tan ( / )n t1 , as = ( , )e e . The surface is
given by linear interpolation (in the domain of δe and θ) between values at a selection of grid-points obtained by inverse modelling.
The grid points are given for five different opening mode angles: mode I, mode II, and three mixed mode angles. The values of the
three mixed mode angles are chosen to best describe the characteristics presented in Fig. 5(c) and (d). The values of the mixed mode
cohesive law parameters obtained by the optimisation process described below are presented in Table 2 and illustrated in Fig. 8.
5. Determining the mixed cohesive law
The mixed mode cohesive law is defined by the surface = ( , )e e . This is used for the determination of the damage parameter
D as described in Eq. (7). The value of ( , )e has been determined from a series of six opening displacements (represented by
suffices l = 1,2,3,4,5,6) and five opening mode angles (represented by suffices m = 1,2,3,4,5) as shown in Table 2. These define a
total of 30 points on the surface. The complete surface is defined by linear interpolation between these 30 values (in the domain of δe
and θ).
First, the results from Section 3 are investigated in order to determine approximate values for e lm, . In the second step, a full 3D FE
model of the DCB-UBM specimen is prepared. In the third step, the approximate values of e lm, are fitted through inverse modelling
[29] using LS-DYNA in combination with the optimisation tool LS-OPT [30] with the experimental results as objective for the
optimisation. In the fourth and final step, the accuracy of the fitted cohesive law is evaluated by modelling standardised delamination
tests on the same laminates described in Section 3.
5.1. Determining approximate values for the cohesive law
The cohesive law needs to describe two distinctly different phenomena: 1) crack tip deformation and 2) fibre bridging. As noted
earlier, the crack tip deformations are associated with small opening displacements and high traction values, whereas fibre bridging is
associated with larger opening displacements and low tractions. The effective opening displacements e m,1 , e m,2 and e m,3 are assigned
to describe crack tip deformations, and e m,4 , e m,5 and e m,6 represent predominantly fibre bridging deformations.
5.1.1. Crack tip
For all mode mixities = 0e m,1 and =( , ) 0e m m,1 , where l represents the opening displacement sequence and m the opening
mode angle sequence as described earlier. As discussed in Section 3, the experimental results suggest that J0 is dissipated over a small,
near-zero opening displacement. Therefore, the critical crack tip energy J0 needs to be dissipated over the opening displacement
defined by e m,3 . Thus the integral of ( , )e m from e m,1 to e m,3 at a given opening mode angle l should equal J0 as presented in
Fig. 8. (a) The calculated cohesive laws plotted with effective tractions vs effective opening displacements, and (b) a close-up of the crack tip part of
the same cohesive laws.
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Fig. 5(a) for the specified mode angle.
The dissipation of J0 over a near-zero displacement is addressed by making the following assumptions: 1) the cohesive stiffness of
the finite-thickness element should resemble the stiffness of the bulk material, and 2) the cohesive traction should not exceed that of
the bulk material. The choice of e m,2 is thus constrained by the cohesive stiffnesses ki and the value of e m,2 . In order to dissipate J0
over the shortest possible opening displacement, e m,3 should equal e m,2 . This is then the critical cohesive traction for the mode mixity
defined by m.
If the change in J0 from mode I to mode II is caused by the characteristics of the specific failure process, it is reasonable to assume
that the critical traction level associated with the failure process changes in a similar manner. The critical tractions in mode I, e,21 and
e,31 ( = °01 ), and mode II, e,25 and e,35 ( = °905 ) are therefore given by S22 and S12, respectively, in Table 1, and the change in
critical traction from mode I to mode II is fitted to follow the evolution of J0.
5.1.2. Fibre bridging
All the fracture resistance curves presented in Fig. 4(a) have a rapid reduction in slope when the crack tip energy is reached. The
rapid reduction in slope demands a significantly reduced cohesive traction within a small increase in opening displacement between
e m,3 and e m,4 , where the suffix m refers to the opening mode angle, m. The cohesive tractions should therefore be given at closely
separated opening values. The opening displacement e m,4 is therefore fixed at = 1.25e m e m,4 ,3 . This choice presents a limitation to the
optimisation procedure but will reduce the number of variables and thus the computational cost. The slopes of the fracture resistance
curves observed in Fig. 4(a) cannot be used directly. The estimated value of ( , )e m m,4 for the first iteration in the fitting procedure
is therefore set arbitrarily to 5% of the critical cohesive tractions at ( , )e m m,4 and subsequently kept as a variable for the opti-
misation process.
The opening displacement e m,5 is fixed at half the opening displacement at the steady-state fracture resistance, i.e. = 0.5e m e m,5 ,6 .
The effective cohesive traction at ( , )e m m,5 is fixed at 25% of ( , )e m m,4 . In this way the fitting of ( , )e m m,4 will also adjust the
value of ( , )e m m,5 while keeping the ratio between them constant. In the fitting procedure this saves significant computational
costs.
The cohesive law should prescribe zero traction at openings larger than the critical separations ( > 0). The effective opening
displacement should then be as presented in Fig. 5(d), which is given by the opening at the initial crack tip when the fracture
resistance reaches a steady state, Jss, as illustrated in Fig. 5(a). This gives =( , ) 0e m m,6 , and e m,6 can be approximated for any
values of m by assuming linear interpolation between the measured values presented in Fig. 5(d).
The only opening displacement that is set as a variable to be optimised is that governing the dissipated crack tip energy, e m,4 . The
other opening variables are determined based on the assumptions made above. The effective cohesive tractions ( , )e m m,4 are set as
variables to be optimised in the fitting procedure. The rest are determined based on the assumptions made above. In total there are 10
independent variables (five opening displacements and five tractions), 10 dependent variables (five opening displacements and five
tractions) and 40 constants including the zero tractions at zero opening displacements and steady-state fracture resistance.
The cohesive stiffnesses, ki, from Eq. (5) are determined based on the thickness of the cohesive element and elastic properties of
the bulk material.
5.1.3. Fitting procedure
The FE model used in the fitting procedure is presented in Fig. 9. The simulation uses implicit time integration with adaptive time
Fig. 9. The FEM model of the DCB-UBM specimen. Monotonically increasing moments are applied to rigid bodies, the surfaces shown in darker grey
at the beam ends. The modelled ridged bodies do not represent the geometry of the metal fixtures applied to the beams. The metal fixtures have a
thickness of approximately 1.2 × H and they are both bolted and adhesively bonded to the beams. A rigid body representation of the fixtures will
not have a significant effect on the behaviour of the beams.
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stepping to ensure convergence. Because the tractions transferred between the two fracturing surfaces fall to extremely low values as
the fracturing surfaces move apart, the tolerance for the displacement norm was set to 10−10 (the default value is 10−3) and the
tolerance for the energy norm was set to 10−7 (default 10−3) to reduce the jaggedness in the simulated opening-displacement curve
at the initial crack tip. These tolerance values were established by trial and error.
Numerical delamination models are known to be mesh size dependent if coarse meshes are used [31]; the element size should be
chosen to be sufficiently small so that the results are not mesh dependent. In this model the element dimensions in the plane of
delamination were 0.5 mm × 0.5 mm, i.e. 30 square elements across the modelled width of half the specimen. The fully developed
FPZ in mode I simulation was more than 40 mm long and thus covered by more than 80 cohesive elements in the direction of crack
propagation. The evolution of the crack tip, i.e. the development of J0, was covered by approximately 5–10 elements as the crack
propagated. The actual number of elements that cover the complete FPZ depends on the shape of the cohesive law. It is important to
adjust the loading step size in the analysis so that the separation parameters describing the development of J0 are captured.
The optimisation process in LS-OPT is based on the response surface methodology [32]. The aim is to minimize the residual
between a response from the model and a response from experimental test results. The relation between crack tip opening dis-
placements and applied moments recorded from the experiments is used as objective for the optimization process. An adaptive
simulated annealing (ASA) hybrid optimisation scheme [30] with a D-optimal sampling procedure of linear order is used [30]. The
optimisation procedure is an iterative process where each iteration requires a minimum number of sampling points. Each sampling
point is a calculated residual between a response from the model and a response from experimental test results. The effective crack tip
opening as a function of applied moments is the response used to find the residual between model and experiment in this study. Every
sampling point therefore represents a complete FEM simulation of the delamination test. The minimum number of sampling points, p,
is given by p= 1.5(n+ 1) + 1, where n is the number of variables [30]. It was therefore desirable to limit the numbers of variables.
Data from all five moment configurations tested experimentally were used in the optimisation process. The optimisation procedure is
schematically illustrated in the flow-chart presented in Fig. 10.
The fitted mixed mode cohesive law is assessed by comparing numerical simulations with a separate set of experimental results,
namely the ASTM D 6671 Mixed Mode Bending (MMB) test [33] and the ASTM D 5528 Double Cantilever Beam (DCB) test [34]. The
Fig. 10. Flowchart representing the optimisation procedure used to obtain the cohesive law.
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specimens used in these standardised tests were produced with the same material system and curing procedure as the specimens used
in the DCB-UBM tests. They had the dimensions B = 10 mm, 2H = 4 mm, l = 100 mm and a0 = 25 mm (see geometry in Fig. 1).
With the identified mixed mode cohesive laws, the FE model was used for modelling the MMB test specimen illustrated in Fig. 11 (the
same model with the same dimensions except that the loading fixture is used for simulating the DCB test). Again, implicit time
integration with adaptive time steps is applied.
6. Results
The experimental results presented in Section 3 show a rising fracture resistance with increasing opening displacement. The
fracture resistance reaches a steady-state value for all moment configurations except mode II. The steady-state value, Jss, for all mixed
mode moment configurations seems to take approximately the same value around 3.5–4 kJ/m2, see Fig. 4(a).
For mode II (φ = 0.986) the fracture resistance appears to keep rising continuously with increasing crack end opening dis-
placement. The observable extent of fibre bridging is shown in Fig. 6. Closer examination of the fracture resistance curve showed a
flat region starting at an approximate opening displacement of 0.2–0.5 mm (see Fig. 7). From crack end opening displacements of
0.5–0.7 mm the curves started to rise again. It was not possible to determine whether friction and/or fibre bridging caused this
continuous increase of the fracture resistance with increasing crack end opening, but a plausible explanation in terms of increasing
friction between the deforming beam portions has been presented in Section 3.
The observed behaviour of the critical crack tip energy J0 shows a clear mode mixity dependence. J0 increased from an average
value of 0.25 kJ/m2 in mode I, to 3.00 kJ/m2 in mode II. The fracture resistance response from the optimisation process is presented
in Figs. 12–15. The resulting effective traction values defining the cohesive law are presented in Table 2.
The implemented cohesive model manages to reproduce the difference in evolution of critical crack tip energy, steady-state
fracture resistance and critical end opening in the mixed mode DCB-UBM tests with acceptable accuracy. The opening mode angle is
predicted well by the mixed mode test with moment configuration φ = 0.000, acceptably for φ = 0.299 but not as well for
φ= 0.629. One possible explanation for the discrepancy between model and experiment for this case is that the crack tip associated
with mode II opening displacement deforms plastically and that local permanent deformations force the beams apart. Such effects are
not included in the FE-model. The opening displacement paths were not included in the optimisation process.
The numerical results from simulation of the ASTM standardised Mixed Mode Bending (MMB) delamination tests were compared
with corresponding experimental test results in Fig. 16 in order to assess the accuracy of the proposed approach. The two MMB tests
are equal except for the load-offset distance c (see Fig. 11) measured from the point at which the downward loading is applied, mid-
way between the lower supports. In Fig. 16(a), c = 60 mm, the experimental results have a load–displacement relationship that is
linear up to a displacement of approximately 5 mm, with a peak load at 130 N. The FEM result shows linear load–displacement
behaviour up to approximately 6 mm, and a peak load at 155 N. This gives an error of 25 N (16%). In Fig. 16(b), c = 117 mm, the
experimental load–displacement linearity ends at a displacement of approximately 4 mm, and the peak load is 45 N. The FEM result
shows linear load–displacement behaviour up to approximately 3 mm, and has a peak load at 55 N. This gives an error of 10 N (18%).
Here the curve from FEM shows some oscillations, indicating some numerical instability. In Fig. 16(c), DCB – mode I, the experi-
mental load–displacement relationship is linear up to a displacement of approximately 6 mm, and the peak load is 38 N. The FEM
result shows linear load–displacement behaviour up to approximately 7.5 mm, and a peak load at 40 N. This gives an error of 2 N
(5%).
7. Discussion
As mentioned above, the fracture resistances observed in Fig. 4 are a result of two distinct phenomena: the energy dissipation at
the creation of new fracture surfaces at the crack tip, and the work of the tractions created by the fibre bridging in the wake of the
crack. Since the fracture specimens all had a thin film acting as a crack starter, the J0 values shown in Fig. 5(b) are associated with the
Fig. 11. FEM model of the ASTM D 6671 Mixed Mode Bending test. The DCB specimen and the loading fixture is modelled with a symmetry plane
along the half width of the specimen. The longitudinal distance between the loading point and the midspan of the specimen is denoted c in the
results.
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onset of cracking with no fibre bridging and the increase from J0 to Jss is attributed primarily to fibre bridging. The change in the
steady-state fracture resistance with mode mixity, J ( )SS , as observed in the experimental results presented in Fig. 5(c), can be
explained by the evolution of these two phenomena.
The energy dissipated in the wake of the crack tip is caused by the work of the cohesive tractions transmitted across the crack
faces by intact fibres. This mechanism is controlled by fibre–matrix debonding and fibre failure [17,35]. The fibres that are bridging
between the two surfaces in mode I delamination are exposed to a different loading scenario at their ends from the bridging fibres in
mode II delamination. A micromechanical model of mixed mode crack bridging by intact fibres [36] predicts that, with other
parameters fixed, the fracture resistance under mode II will be higher than that under mode I. Furthermore, the model predicts that
for mode I, the fracture resistance should increase proportionally to the square root of the end-opening, whereas for mode II the
fracture resistance should increase linearly with the tangential opening displacement.
The work presented in this paper demonstrates that it is crucial to consider the effects of the full stress field when characterising
cohesive laws from mechanical test results. However, two aspects of this study need continued work efforts: (1) The evaluation of the
Mode II (φ = 0.986) test results clearly needs to be further investigated. The contribution from fibre bridging to the fracture
resistance is likely higher for this delamination mode than that indicated in this paper. The presented work demonstrates the need for
the optimisation procedure for determining a cohesive law regardless of these limitations. (2) A sensitivity study on the effects of the
variables, starting conditions and boundaries set for the optimisation procedure would also be beneficial to the quality of the pre-
sented approach to characterise cohesive laws.
Fig. 12. Fracture resistance JR vs effective end opening displacement from FEM and experimental results for M1/M2 = −1.
Fig. 13. Fracture resistance JR vs effective end opening displacement on the left side and normal vs. tangential opening displacement on the right
side, from FEM and experimental results for M1/M2 = −0.000.
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8. Conclusions
A mixed mode cohesive law has been defined in the domain of effective cohesive traction, effective opening displacement and
opening mode angle. The law was implemented in the FE code LS-DYNA.
The agreement between model prediction and experimental results gives some confidence in the approach for cohesive law
determination, since the mixed mode cohesive laws were obtained independently by DCB-UBM tests. Understanding that the cohesive
law needs to describe both crack tip and fibre bridging, and that these two distinct phenomena are different with respect to the scale
of tractions and opening displacements, made it possible to produce acceptable results with a relatively simple cohesive law.
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Fig. 14. Fracture resistance JR vs effective end opening displacement on the left side and normal vs. tangential opening displacement on the right
side from FEM and experimental results for M1/M2 = −0.299.
Fig. 15. Fracture resistance JR vs effective end opening displacement on the left side and normal vs. tangential opening displacement on the right
side from FEM and experimental results for M1/M2 = −0.629.
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